Contents

PREFACE......ccccceoevsoves Fisensl B (s seasnirnsehusadsahinntesaesunbesiasssrpessonsagsonrniu iii

CHAPTER 1 LIMITS AND CONTINUITY ‘ 1
INTROD'UCTION ...................................................................................... 3
SECTION 1.1 LIMIT OF A FUNCTION.....c.cucvein. e g L 6
SUBSECTION 1.1.1 SOLVING THE LIMIT OF A FUNCTION USING TABLE OF VALUES....8
SUBSECTION 112 BASIC LIMIT- B AWS . i vioisn sns i s s adpb st Fosma it o se el 9
2 0 11 1 i 1 [l e e T Sl e U LR I e e A T e o P 3 o (e 11
SECTION 1.2 CONTINUITY OF A FUNCTION...ccccetcatssisosessessssasanscnscssossessnsons 13
SUBSECTION 1.2.1 USING ONE-SIDED LIMITS TO DETERMINE CONTINUITY............13
SUBSECTION 1.2.2 CASES OF DISCONTINUITEN. 1 e sdis s bonint s b Mia e oo mess wssng Hes has 13
SUBSECTION 1.2.3 INDETERMINATE AND UNDEFINED FORMS..........cccuvviiiiiiannn. 15
R R ISR D o o R L L R e e AR B T e 17

SECTION 1.3 EVALUATING LIMITS OF POLYNOMIAL AND RATIONAL

BUNCTIONS: it s resicsvos cthsvaveisssnsins I st Thas  God va b s B Svesenm 19
LT eI 1 1 e e O L S PN IR O I S R T e s 23
SECTION 1.4 EVALUATING LIMITS OF EXPONENTIAL FUNCTIONS....ccc0vutuenrneen 25
BRERCISEAA L i e s bl e T el L e ot R e s R i 27
SECTION 1.5 EVALUATING LIMITS OF LOGARITHMIC FUNCTIONS......cc0tetiniennes 29
BXERCISELS 51 it b sie T e AR oas hvasinds s s homae Tt s B v RaYs J RS 31
SECTION 1.6 EVALUATING LIMITS OF TRIGONOMETRIC FUNCTIONS.......ccv0u0e. 33
L o (a1 o Sk R b K SRR L B S S B S I o WL P e R R P 37

SECTION 1.7 EVALUATING LIMITS OF INVERSE TRIGONOMETRIC FUNCTIONS... 39

EXERCISE 1.7 10 ceuccineocs buoboosssnntossdscotsssossaasasesiosnassonshaossadduocssdsssssonsasssasoence 43
SECTION 1.8 EVALUATING LIMITS AT INFINITY...ccovteerennninananes ................ 45
BXERCISE L8 v ciis i B el b W 05 oy 8 fuia BOPP TR D A PR SRR R 2 2o 49

[vii]



SECTION 1.9 SOME SPECIAL LIMIBES sutatn s - e oot ereesssisnsesososmmmssasansoisi] 51

BXERCISE 1.9........000 i ol ORI, et 53
'CHAPTER 2 DIFFERENTIAL CALCULUS 55
SECTION 2.1 DERIVATIVES s etnia miolle ot o s, o e 5o o 2 Si PTLope 57
EXERCISE 2.1 it i r e st S i B A RRER S A LS S 59
SECTION 2.2 BASIC DIFFERENTIATION RULES.....uuvveeeeeseerinnnnesesssssneneessssonn 61

e s R R RN g g L e e A S 63

SECTION 2.3 DIFFERENTIATION RULES FOR EXPONENTIAL AND LOGARITHMIC

FUNCTIONS. .. cosviiisdvivvrieosisien it bt oo T S T i i 65
EXERCISE 2.3 o visisinn bbb aunt i s tasenas U Gl o5 K ey 67
SECTION 2.4 DIFFERENTIATION RULES FOR TRIGONOMETRIC FUNCTIONS........ 69
EXERCIBE 2.4 /10 o A R T QA Rkl - TS it o 71

SECTION 2.5 DIFFERENTIATION RULES FOR INVERSE TRIGONOMETRIC

FUNETIONS . o5 (i v b a st vt ais et o s T omsias 73
2 e R R PR R N S T 2o Tt Ak S PR T R SR O 75
SECTION2.6- L HIORITAL'S RUBE:.«..i iiiiiii sfinsstsbssiness ol Lo ik 77
BNBEREISR 6. ... v cvondeecd Al siobianiebioi b o i b Lo S S S ST S 79
SECTION 2.7 HIGHER ORDER DERIVATIVES......... S A RPN RE S W R OR W 81
e 2 R R R R A R St MOV S I S 83
SECTION 2.8 IMPLICIT DIFFERENTIATION .....cee uuerennnnsnnensesssssssesssssessnnoens 85
BRERCBES. .. ol veinon il es iR e s e 87
SECTION 2.9 CRITICAL POINTS, INCREASING AND DECREASING,AND  } \
CONCAVEIY Adiviiiivirviiiiinm s bbb s e s 89
BUBSECTION 2.9.1 CRITICAL POINTS:, et et oot ot fo el o i Sl ol 89
SUBSECTION 2.9.2 INCREASING AND DECREASING. .......0evevieeeeeeeee oot 90
SUBSECTION 2.9.3 CONCAVITY AND INFLECTION POINTS........eevemeemeeemmmeeesneon, 91
EXERCIE D0, 2.0 Diiaes vives oiionm Ui s i aaeiibins s o St ORI N 4 93
SECTION 2.10 ROLLE’S THEOREM, MEAN VALUE THEOREM, AND EXTREMA......... 95
SUBSECTION 2.10.1 ROLLE’S THEOREM. .. . .%ottt s s bt i 95



SUBSECTION 2.10.2 MEAN VALUE THEOREM........cceteerrrmrmmmnnnnnnsssesseeessmmmionmnnns 96

SUBSECTION 2.10.3 EXTREMA........cueuuenn.e. iiusesnentndensnnhinndedtevendhetubnunanitton 98
BAERCISR 2 A0 o v b5 i TR s w5t S Tk RO ERERREr S b KA L 3 101
SECTION 2.11 REAL LIFE APPLICATIONS OF DERIVATIVES....cccuusteusiuncnrannannn 103
SUBSECTION 2.11:1 RELATEDRATES..........¢0 o biveheninnvestobiaibdeclosiinsioun siaee! 103
SUBSECTION 2.11.2 OPTIMIZATION (MAXIMA AND MINIMA).....ccvuuiiiiiinnnnnnn 106
BXERCISE 2l s i i A s ah s s e b it S0 e S panis o e dusoni s slononnentens sonsnshoabess 109
: CHAP*I‘ER 3 INTEGRAL CALCULUS 115
SECTION 3.1 ANTIDERIVATIVES OR INDEFINITE INTEGRALS.....ceeeveeescieeinnnn 117

SUBSECTION 3.1.1 BASIC INTEGRATION RULES,
INTEGRATION RULES FOR EXPONENTIAL AND LOGARITHMIC

FUNCTIONS it ecevecsntiosossessssssssssesssosssesssssssssvaansssssssastone 118
EXERCISE 3.1. 1 vt0ieinossaersnsssasneesassinssnsnssnvetosaboporsaoasesannnssmsessasasesesssnsesssasss 121
SECTION 3.2 INTEGRATION RULES FOR TRIGONOMETRIC FUNCTIONS............ 123

EXERCISE: 3. 2. vonisansa ot s A AR S 0. 5000 A SIS 300 S0 8 Sdclfons 125
SECTION 3.3 INTEGRATION RULES FOR INVERSE TRIGONOMETRIC

BUNCTIONS . s it ctstssavsssuaasasissesavnbosonsonss PRI 127
ERERCISE S 3 o S A AL I R R I SRS AR UL AR s s Fokb g 129

SECTION 3.4 INTEGRATION RULES INVOLVING (a? — u?) AND (u2 + a?)

BORMS . v oihicvusvsoivsionh Lot vk sbabtusatusgbonvorsonvesoavhvasos pbe IR b |
B BRCIBE B e oo b ivs Sovavinsvavand ey sbebas arde s hseh vaVaibdes s Bk swd¥ivmie vosuilyavestin 133
SECTION 3.5 OTHER INTEGRATION TECHNIQUES....coctteterucucrrmmmennisasasenses 135
SUBSECTION 3.5.1 INTEGRANDS INVOLVING QUADRATIC EXPRESSION.......c....u.. 135
SUBSECTION 3.5.2 INTEGRATION BY TRIGONOMETRIC SUBSTITUTION...........uuee 136
SUBSECTION 3.5.3 INTEGRANDS INVOLVING POWERS OF SINES AND COSINES...... 138
SUBSECTION 3.5.4 INTEGRANDS INVOLVING POWERS OF TANGENTS AND
CRCANTS i sy IR T R R T Bt 141
SUBSECTION 3.5.5 INTEGRANDS INVOLVING POWERS OF COTANGENTS AND
COSECANTS.. BB RIS A | 1

SUBSECTION 3.5.6 INTEGRATION OF RATIONAL FUNCTIONS BY PART[AL

FRACTION SUBSTITUTION /vy v vesesssodssssivs vavs sonavesedutbonuim Rad
SUBSECTION 3.5.7 INTEGRATION BY PARTS.....ccoiiiuniniiiiiniiniiiiiiiiiiiie 146
SUBSECTION 3.5.8 INTEGRATION BY ALGEBRAIC SUBSTITUTION........ccuuuieen. bt 147

[ix]



BXERCISE 3.5...c00000i00es PRI B S es B, | O R A BARBML SRR Lot 149

SECTION 3.6 DEFINITE INTEGRALS e cvenesvsaserrnsscssosennses N KN P 153
SUBSECTION 3.6.1 PROPERTIES OF DEFINITE INTEGRALS.......cccvuumeerrneeesnniecanes 155
SUBSECTION 3.6.2 WALLIS' FORMULA.......coosiuneiiniiniiinnneecnssiiesensaneeensnneeens 157
“SUBSECTION 3.6.3 IMPROPER INTEGRALS. ......utvurtivussennnertuesssnsesnsennsennnesnnns 158
BXERCISE 36,00 0 i oL b 230 sh SN i s UG RS S A S i RORGLT | |
SECTION 3,7 AREAS OF PLANE REGIONS it - oo iacsostintansse b asiipapssssdninse ..163
SUBSECTION 3.7.1 AREA UNDER A FUNCTION......ccuettirruneeennarunaennessannssnnsees 163
SUBSECTION 3.7.2 AREA BOUNDED BY CURVES......ccuuevueerrrseenseeessresnneesneennnn 165
B BRCISE BT il ehinar s ciar ot s hasin do Sanian s St Gl o, S Re ety B ] 169
SECTION 3.8 ARC LENGTH.......c00eenn. AU RS B LA 173
T N R MR SRty Ot e S T SRR L U 177
CHAPTER 4 DIFFERENTIAL EQUATIONS 179
SECTION 4.1 INTRODUCTION TO DIFFERENTIAL EQUATIONS....cc0uevveeernsnenes ..181
SUBSECTION 4.1.1 SEPARABLE DIFFERENTIAL EQUATIONS........vvvereusnruueersnnanns 183
BXERCISE4:1. . D wadnanislamaesl sbaa nitt bt aasin il o ; ik 185
SECTION 4.2 SOME APPLICATIONS OF DIFFERENTIAL EQUATIONS ......iuueereenenns 187
SUBSECTION 4.2.1 EXPONENTIAL GROWTH AND DECAY........0eeeeiuveeseernuesessannss 187
SUBSECTION 4.2.2 SIMPLE BOUNDED GROWTH......000eurueesueessnessssumansssnessnnnes 190
SUBSECTION 4.2.3 LOGISTIC BOUNDED GROWTH......c0uniruneesnsessnssssseennseennsenes 192
SUBSECTION 4.2.4 NEWTON’S LAW OF COOLING. -...cuuevuueiunnersnnerseennsersnnernssss 194
HXBROEISE .25 s oh s savnssiiny o somons s ot oo as Sauva it s cn Com Cot eb Ao b st § smsio o e 195
APPENDIX A BASIC MATH FORMULAS. .....uuciiuiesneeessssenssonssesssennnsssnssesnsssnnne 199
APPENDIX B GRAPHS OF BASIC FUNCTIONS. .. .c1uevvseernneessssnessnnssnnessnsmmssnases 201
APPENDIX C TRIGONOMETRIC FORMULAS AND IDENTITIES......ccceeeeieeesigponsoon 203
APPENDIXD COMMON GEOMETRIC FORMULAS. .......c0vvvunennens biah B R SIT 207
APPENDIX E DIFFERENTIATION FORMULAS. ....iuivvueruiersnnerssesssnesnneessneesnnsmes 209
APPENDIXF INTEGRATION FORMULAS. ......c0vueertseerersnncerssseasesnnsmmsnsseiosnnnes 211
ARPENDIX'G  SIGNS AND SYMBOLS, +.44s 0 044000 binsvens sssavhisns sRbabianoannsns sussosss 0215
EROHRARY, . iniois i dnis b s irbmhiaanits o A e T R s o oo ot 217
BIBLIOGRAPIIY ... oo v ivss sisinssmnbinithns s sl s SRR it o i s \eee225
T TR A SRS ) PEERRF Tee X WA e e R AR R e 227



